, where d i is the smallest number of elements needed to generate the ith direct power of S. In this paper we present a number of facts concerning the type of growth d(S) can have when S is an infinite semigroup, comparing them with the corresponding known facts for infinite groups, and also for finite groups and semigroups.
where S n is nth direct power of S. In this paper we present some observations regarding the growth of the sequence d(S) for infinite semigroups S.
Wiegold and various co-authors in a series of papers investigated the sequence d(S), mostly when S is a finite group [8, [14] [15] [16] [17] , but also when it is a finite semigroup [18] or an infinite group [13, 19] . In the context of this paper we can summarise their main findings as follows. For a finite semigroup S we have: To grow logarithmically (resp. linearly, exponentially) throughout the paper means that the sequence is bounded both below and above by logarithmic (resp. linear, exponential) functions.
The results from above concerning groups largely carry over to other 'classical' algebraic structures, such as rings, associative and Lie algebras; this is the topic of [9] . The purpose of the present article is to present some results concerning the growth of d(S) for an infinite semigroup or monoid S. We mention in passing that recently d-sequences have (re)appeared in the context of Universal Algebra, in connection with quantified constraint satisfaction problems; see [5] . Also, Berman et al.
[1] undertake an in-depth study of several sequences closely related to d and to direct powers.
One recurring theme in the results we present is that infinite semigroups and monoids compare to groups in ways that are often rather different from the same comparison in the finite case. For example, adopting a convention that slower growth rates are 'better', we see from (FG1)-(FG3) that growth rates of perfect groups, which are logarithmic, are better than those of non-perfect groups and monoids, which are linear. For infinite monoids, however, we have: This follows from the fact that if S = A and T = B are two monoids then S × T is generated by the set (A × {1}) ∪ ({1} × B). We will use this fact without special mention throughout.
However, some caution is needed, as the same does not hold for semigroups without identity. Indeed, we saw in (FG4) that finite semigroups may have exponential
